Introduction
Let Z, N be the sets of all integers and positive integers respectively. Let n be a positive integer. Many papers have as object the solutions (x, y, z) of the equation x 2 + (3n 2 + 1) y = (4n 2 + 1) z , x, y, z ∈ N.
(1.1) Thus, P.-Z. Yuan and Y.-Z. Hu [11] proved that if 4n 2 + 1 is an odd prime, then (1.1) has only the solutions (x, y, z) = (n, 1, 1), (8n 3 + 3n, 1, 3).
(1.2)
Afterwards, Z.-W. Liu [6] and S.-C. Yang [10] independently prove the same result. This result completely solves one family of generalized Ramanujan-Nagell equations (see [2] , [4] ). In addition, Y.-Z. Hu and R.-X. Liu [3] proved that if 3n 2 + 1 is an odd prime or the square of an odd prime, then (1.1) has only the solutions (1.2). However, up to now no one has known whether there exist infinitely many n which are able to accord with the above mentioned hypotheses. Thus, it can be seen that the resolution of (1.1) is a difficult problem.
In this paper, using the results on the existence of primitive divisors of Lucas numbers and some properties of quadratic and exponential diophantine equations, we prove the following general result:
Ì ÓÖ Ñº If n ≡ 3 (mod 6), then (1.1) has only the solutions (1.2). Obviously, by our theorem, (1.1) is solved for at least one sixth of n's.
Preliminaries
Let D and k be coprime positive integers.
Ä ÑÑ 1º ([7: Section 8.1]). If D is not a square, then the equation
has solutions (u, v) with v = 0, and it has a unique solution 
Ä ÑÑ 2º ([7: Section 8.1]). If the equation
has solutions (u, v), then it has a unique solution 
(ii) The least solution of (2.1)
Ä ÑÑ 3º For any positive integer n, the equation
has solutions (u, v) with v = 0, and its least solution is (u 1 , v 1 ) = (8n 2 + 1, 4n).
P r o o f. Since n = 0, 4n 2 +1 is not a square and, by Lemma 1, (2.3) has solutions (u, v) with v = 0. On the other hand, since (2n) 2 − (4n 2 + 1) · 1 2 = −1, by (i) of Lemma 2, the equation
has solutions (U, V ) and its least solution is (U 1 , V 1 ) = (2n, 1) since u ≥ 2n. Therefore, by (ii) of Lemma 2, we get
If D is not a square and the equation
where
,
is the least solution of (2.1).
Ä ÑÑ 5º For any positive integer n, the equation
has solutions (X, Y ) and every solution (X, Y ) of (2.5) can be expressed as
2 + 1 is not a square, by Lemma 4, every solution (X, Y ) of (2.5) can be expressed as in (2.6), where (X 0 , Y 0 ) is a solution of (2.5) satisfying 
has solutions (X, Y, Z), then we have: 
Such l is called the characteristic numbers of S. Moreover, for distinct classes, their characteristic numbers are distinct.
(ii) In each class S of the solutions of (2.9), there is a unique solution
Let α, β be algebraic integers. If α + β and αβ are nonzero coprime integers and α/β is not a root of unity, then (α, β) is called a Lucas pair. Further let a = α + β and c = αβ. Then we have 
(2.11) has only the solutions (x, z) = (n, 1) and (8n 3 + 3n, 3).
Then, α + β = 2n and αβ = 4n 2 + 1 are coprime positive integers, and α/β satisfies (4n 2 + 1)(α/β) 2 − 2(2n 2 − 1)(α/β) + (4n 2 + 1) = 0, hence it is not a root of unity. Therefore, (α, β) is a Lucas pair with parameters (2n, −4(3n 2 + 1)).
Let (x, z) be a solution of (2.11). Since
by the definition of Lucas numbers, we get from (2.10)-(2.13) that
14)
It implies that the Lucas number L z (α, β) has no primitive divisor. Since 2 z, applying Lemmas 7 and 8 to (2.14), we obtain z ∈ {1, 3}. Thus, (2.11) has only the solutions (x, z) = (n, 1) and (8n 3 + 3n, 3). The lemma is proved.
Proof of the theorems
Since n ≡ 3 (mod 6), we have 2 n and
Let (x, y, z) be a solution of (1.1). Since
If y > 1, then from (1.1) and (3.1) we get 5
(mod 8). It implies that 2 x and 2|z. Hence, by (1.1), we get
3) 2 (3/a) = (a/3), from which we get a ≡ 1 (mod 3). Hence, by (3.4), we get b ≡ 1 (mod 3). Therefore, since 3|n, we get from (3.5) that
a contradiction. Thus, we obtain
Substitute (3.7) into (1.1); we have
Further, by (3.1) and (3.8), we get 5
From (3.8) and (3.9), we obtain
It implies that (2.5) has the solution
Applying Lemma 5 to (3.11), we get
where (u, v) is a solution of (2.3), X 0 and Y 0 are integers satisfying (2.7) and
By (3.12), we have
and (4n 2 + 1)
Since (u, v) is a solution of (2.3), by Lemma 3, we get
(3.16) By (3.16), we have n|v. Further, since gcd(u, v) = 1, we see from (3.2) and (3.14) that n|X 0 . Hence, by (3.15), we get
Furthermore, by (3.16), we have 
But, since n ≥ 3, this is impossible by (2.7). So we have Y 0 = λ and
By substituting (3.21) into (3.13), we get
Hence, by (3.14) and (3.22), we have On the other hand, we find from (3.8) that the equation 
